GEOMETRIC INEQUALITIES AND SYMMETRY RESULTS FOR 

ELLIPTIC SYSTEMS. 
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Abstract. We obtain some Poincarc type formulas, that we use, together 
with the level set analysis, to detect the one-dimensional symmetry of mono- 
tone and stable solutions of possibly degenerate elliptic systems of the form 



r div{a{\\/u\)yu) = Fi{u,v), 
\ div{b{\'Vv\)'Vv) = F2{u,v), 



where F G C^'^{n'^). 

Our setting is very general, and it comprises, as a particular case, a con- 
jecture of De Giorgi for phase separations in H^. 



1. Introduction 



In this paper wc consider a class of quasilinear (possibly degenerate) elliptic 
systems in R". We prove that, under suitable assumptions, the solutions have one- 
dimensional symmetry, showing that the results obtained in [1, 2, 7] hold in a more 
general setting. 

In [1] the following problem has been studied: 



The authors proved the existence, symmetry and nondegeneracy of the solution 
to problem (1.1) in R; in particular, they showed that entire solutions are reflec- 
tionally symmetric, namely that there exists xo such that u(x — xo) = v{x — xo)- 
Moreover, they estabilished a result that may be considered the analogue of a fa- 
mous conjecture of De Giorgi for problem (1.1) in dimension 2, that is they proved 
that monotone solutions of (1.1) in R^ have one-dimensional symmetry under the 
additional growth condition 



On the other hand, in [8], it has been proved that the linear growth is the lowest 
possible for solutions to (1.1); in other words, if there exists a G (0, 1) such that 



then u = V = 0. 

Key words and phrases. Elliptic systems, monotone solutions, stable solutions, phase separa- 
tion, Poincare-type inequality . 
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(1.1) 




(1.2) 



u{x)+v{x) < C(l + \x\). 



u{x)+v{x) <C{l + \x\r, 
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(1.3) 



In [2] the authors proved that the above mentioned one-dimensional symmetry 
still holds in when the monotonicity condition is replaced by the stability of the 
solutions (which is a weaker assumption). Moreover, they showed that there exist 
solutions to (1.1) which do not satisfy the growth condition (1.2), by constructing 
solutions with polynomial growth. 

Moreover, we mention the paper [13], where the author proved that, for any 
n > 2, a solution to (1.1) which is a local minimizer and satisfies the growth 
condition (1.2) has one-dimensional symmetry. 

In this paper we consider a more general setting, that is we take F G C^'^ (R^), 
and we study the following elliptic system in R" 

div (a (|Vw|) Vw) ~ Fi{u, v), 
div{h{\SIv\)Vv) = F2{u,v), 

where Fi and F2 denote the derivatives of F with respect to the first and the second 
variable respectively. 

We suppose that a,b e ((0, +00)) satisfy the following conditions: 

(1.4) a{t) > 0, b{t) > for any t e (0, +00), 

(1.5) a{t)+a{t)t>0, b{t) + b' {t)t > for any t e (0, +00). 

We define A, B : R" \ {0} Mat (n x n) by setting, for any 1 < h,k < n, 

and 

Bhkio ■■=^^^^Uk + bm)Shk. 

Now, for any t > 0, we introduce the following notation: 

(1.6) Ai(t) := a(t) +a'(t)t, A2(i) = . . . = A„(t) := a(t), 

(1.7) -fiit):=b{t) + b'it)t, j2it) = ...=-fnit):=bit), 
and we define 

Ai{t) := / Xi{\s\)sds, Ti{t) :^ / 7j([s|)sds 
Jo Jo 

for i = 1, 2 and t E R. 

We will require that a satisfies (Al) or (A2), where: 

(Al) {Vii = 0} = and 

fMt)eL^A[o, +00)). 

(A2) We have that 

a €C{[0,+oo)) 

and 

the map t H> ta{t) belongs to ([0, +00)) . 
Moreover, we require the same properties for b: 
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(Bl) {Vw = 0} = and 

gL;?,([0,+^)). 

(B2) We have that 

6e C([0,+oo)) 

and 

the map 1 tb{t) belongs to ([0, +00)) . 

In case (A2) and (B2) hold, wc define ^^^(0) a(0)(5/,fc and Bhk{0) := b{0)Shk- 

These assumptions may look rather technical at a first glance, but they are the 
standard conditions that comprise as particular cases the classical elliptic degen- 
erate and nonlinear operators, such as the p-Laplacian and the mean curvature 
operator. 

In order to state our main result, we give the definition of monotone and stable 
solution. 

Definition 1.1. We say that a solution {u,v) of (1.3) satisfies a monotonicity 
condition if 

(1.8) u„ > 0, w„ < 0. 

Definition 1.2. When F e C^(1R,^) we say that a solution {u,v) of (1.3) is stable 
if the linearization is weakly positive definite, that is, for any <f>,ip G C^(]R"), 

/ {A {\/u{x)) V(t){x)) ■ V0(x) + {B (Vv(x-)) VV'(x)) ■ VV'(a;) 

(1.9) Jr" 

+ Fn{u,v)(j)^{x) + F22{u,v)i;^{x) + 2Fi2{u,v)(j){x)i:{x) dx > 0. 

In our general framework, since Fi and F2 may not be everywhere differentiable, 
the integral in (1.9) may not be well defined. Therefore it is convenient to introduce 
the sets 

^ := {it,s) G : Fn(i,s), i^i2(t,s), ^22(^,5) exist} , 

and 

^ := R2 \ ^. 

It is known that 

(1.10) the set is Borel and with zero Lebesgue measure 
(see pages 81-82 in [3]). Moreover, we consider the sets 

yKv {x e R" : {u{x), v{x)) <E ^} , 

and 

^uv • — R \ '-^UV • 

Therefore, in our setting, we say that (m, v) is a stable solution to (1.3), if for any 

0,VeCo°°(R"), 

( [A (Vu(a;)) V0(a;)) • V0(x) + {B {Vv{x)) VV'(x)) • VV'(a;) dx 

(1.11) 

+ / Fii{u,v)(j>'^{x)+F22{u,v)i;'^{x) + 2Fi2{u,v)(j){x)^{x)dx>Q. 



4 



S. DIPIERRO 



Of course, (1-11) reduces to (1.9) when F is in C^(Il^). 
Then, our symmetry result is the following: 

Theorem 1.3. Let{u,v) be a solution of (1.3), withu e C^{K"')r\C^{{Vu ^ 0}), v £ 
C^(M") n C2({Vi> ^ 0}), and Vw, Vw G (R"). 

Suppose that either (A2) holds or that {S/u = 0} = 0, and that either (B2) holds 
or that {Vv = 0} = 0. 

Assume that either 

(1.12) the monotonicity condition (1.8) holds, and Fi2{u,v) > 0, 
or 

(1.13) iu,v) is stable, and Fi2{u,v) < 0. 
If 

(1.14) 

^ f |A(V.(.))||V.(.)P + |i.(V.(.))||V.(.)P ^ 

then {u,v) has one- dimensional symmetry, in the sense that there exist u,v : R — )■ R 
and uj G S"^^ in such a way that {u{x),v{x)) = {u{uj ■ x),v{u! ■ x)) , for any x G R". 

We notice that, as paradigmatic examples satisfying the assumptions of Theorem 
1.3, one may take the p-Laplacian, with p G (l,+oo) if {S/u = 0} = and any 
p G [2,+cx)) if {Vu = 0} 7^ (in this case, for instance, a{t) = t^^'^) or the 
mean curvature operator (in this case, a(t) = (1 +t^)^^/^). Moreover, we observe 
that Theorem 1.3 holds even if a and b are two different functions satisfying the 
hypotheses (e.g., one can take a to be of p-Laplacian type and b of mean curvature 
type). 

To prove Theorem 1.3 we borrow a large number of ideas from [4] and [5], and 
exploit some techniques of [11, 12]. In particular, we will show that a formula 
proved in [11, 12] and its extension obtained in [5] for elliptic equations still hold 
for systems (see Corollaries 3.3 and 4.4). Since this formula bounds a weighted 
L^-norm of any test function by a weighted L^-norm of its gradient, we may see it 
as a weighted Poincare type inequality. Such a formula is geometric in spirit, since 
it bounds tangential gradients and curvatures of level sets of monotone and stable 
solutions in terms of suitable energy integrals. 

Our result extends the one obtained in [7], where the authors studied problem 
(1.3) in the case a = b = Id, and use this kind of geometric Poincare inequality to 
show that in R^ any stable solution has a one-dimensional symmetry. Of course in 
our setting several technical and conceptual complications arise due to the possible 
degeneracy of the operators considered and to the nonlinear dependence on the 
gradient terms. 

Moreover, as a particular case. Theorem 1.3 comprises a conjecture of De Giorgi 
for phase separations in R^ (see the end of Section 7). 

We refer the reader to [6] for a recent review on the conjecture of De Giorgi and 
related topics. 
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The paper is organized as follows. In Section 2 we collect some preliminary 
material. Sections 3 and 4 are devoted to show that some geometric Poincare type 
inequalities hold for monotone and stable solutions to (1.3) respectively. In Section 
5 we develope the level set analysis. In Section 6 we provide the proof of Theorem 
1.3, by using the results obtained in the previous sections. Finally, in Section 7, 
we give an application of Theorem 1.3, namely we prove that a conjecture of De 
Giorgi holds in for systems like (1.3), and in particular for phase separations. 

2. Some useful results 

In this section we collect some results that we will use in the sequel. 

First, we have the following lemma (see Lemma 2.1 in [5] for a simple proof): 

Lemma 2.1. For any ^ G R" \{0}, the matrices A{^), i3(^) are symmetric and pos- 
itive definite, and their eigenvalues are Ai(|^|), . . . , A„(|^|) and 7i(|^|), 7„(|^|) 
respectively. 
Moreover 

A(e)c.e-iepAi(iei), s(e)e-e-iep7i(iei)- 

It follows from Lemma 2.1 that, for any t G H \ {0}, 

A,{~t) = A,{t) > 0, r,{-t) = r,{t) > 0. 

Moreover, for any V,W e R", and any ^ G R" \ {0}, 

(2.1) < A{^) {V -W) ■ {V ~W) ^ A{^)V ■ V + A{^)W ■ W - 2A{^)V ■ W, 

(2.2) < B{^) {V -W) ■ {V -W) = B{C}V ■ V + B{i)W ■ W - 2B{C}V ■ W. 

Lemma 2.2. Let {u,v) be a weak solution of (1.3) such that u G C"'^(R") n 
C2({Vm ^ 0}), V G Ci(R") n C^{{Vv ^ 0}), with Vu, Vw G I^^^^f (R"). Suppose 
that either (A2) holds or that {Vit = 0} = 0, and that either (B2) holds or that 
{\Jv = 0} = 0. 

Then, for any j = 1, . . . ,n, [uj, Vj) is a weak solution of 

, , f div{A{\Vu\)'^Uj) = Fii{u,v)uj + Fi2{u,v)vj, 

^ ' \ div{B{\\7v\)Vvj)^F2i{u,v)uj+F22{u,v)vj. 

Proof. First of all, we observe that 

(2.4) the map x £/{x) a(|Vw(x)|)Vu(x) belongs to W/„'^^(R", R"), 
and 

(2.5) the map x ^ ,^{x) ;= 6(|Vu(a;)|)Vw(x) belongs to T^;^^'](R", R"). 

Let us show (2.4). It is obvious if {Vu = 0} = 0, while, if (A2) holds, we have that 
the map 

eGR"K^^"(C) :=a(|ei)^ 
belongs to Wl^'^iW^), and so (2.4) follows by writing .s/{x) = .(^{Vu{x)). In the 
same way one shows (2.5). 
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From (2.4) and (2.5), we have that, for any 0, G C^(]R",]R"), 
9j (a (|Vw|) Vu) • 0o?x = / a (I Vw|) Vm ■ (9j(/)dx, 



and 

-/ dj{h{\yv\)Vv)-^dx^ I h{\Vv\)yv ■ dj^jdx. 

Moreover, by (2.4) and Stampacchia's Theorem (sec, for instance. Theorem 6.19 
of [9]), we get that dj£/{x) = for almost any x G {jz/ — 0}, that is 

dj {a{\Vu{x)\)Vu{x)) = 

for almost any x G {Vu = 0}. 

Similarly, by using again Stampacchia's Theorem and (A2), we have that Vuj (x) = 
0, and then A {Vu{x)) Vuj{x) = 0, for almost any x G {Vu = 0}. 

A direct computation also shows that on {Vu ^ 0} 

dj (a (|Vw|) Vu) = A {Vu) Vuj. 

As a consequence, 

dj (a (|Vw|) Vu) = A (Vu) Vuj 

almost everywhere. 

Reasoning in the same way, we conclude also that 

dj{b{\Vv\)Vv) =B{Vv)Vvj 

almost everywhere. 

Let now 0, V' G ^^0° (IR")- We use the above observations to obtain that 

A (Vu) Vuj ■ V(f) + Fii{u, v)uj(f) + Fi2{u, v)vj(j)dx 
dj (a (|Vu|) Vu) ■ V(/) + dj {Fi{u, v))(j)dx 
a (|Vw|) Vu ■ V(j)j + Fi{u, v)(j)j dx, 

R" 

and 

B (Vw) Vvj ■ Vijj + F21 {u, v)ujip + F22{u, v)vj'ipdx 
dj {h {\Vv\) Vv) ■ V^J + dj {F2{u, v))iPdx 
b{\Vv\)Vv ■ V-iAj + F2{u,v)ipjdx, 
which vanish, since (u, v) is a weak solution of (1.3). □ 



We observe that in the proof of Lemma 2.2 it is sufficient to assume that 



Vu,Vv G Wl^'iK"). Since such a generality is not needed here, we assumed. 



for simplicity, Vu, Vv G W^^oc (K-") in order to use the above result in the sequel. 



GEOMETRIC INEQUALITIES AND SYMMETRY RESULTS FOR ELLIPTIC SYSTEMS. 7 



Let US notice that (2.3) means that, for any (j),ip € C^{R"), and for any j 
1, . . . ,n, 



(2.6) 



A{\\7u\) \7uj ■ V0 + Fii(u, v) Uj (j) + Fi2{u,v)vj(j)dx = 0, 

/ B {\Vv\) Vvj ■ Vip + -Fi2(w, v) Uj V + ^22(u, v) Vj -0 da; = 0. 

Since the integrals in (2.6) may not be well defined, recalling the definitions of 
the sets !^,^,^uv,^uv given in the Introduction and using (1.10) we can say 
that {uj,Vj) satisfies 



(2.7) 



A{\\7u\)\7uj ■\74}dx + / Fii{u,v)uj4> + Fi2{u,v)vj4>dx = 0, 
/ B {\Vv\)yvj -Vipdx + Fi2{u,v)ujip + F22iu,v)vjipdx = 0. 



In the sequel we will need to use (2.7) for a less regular test functions. To do 
this, we prove the following: 

Lemma 2.3. Under the assumptions of Lemma 2.2, we have that (2.7) holds for 
any j = 1, . . . , n, any (f>,ip G Wq'^{B) and any ball B C H". 

Proof. Let us prove the first equality in (2.7). Given (j) S Wq'^{B), we consider 
a sequence of functions (pk G C^{B) which converge to (j) in Wq''^{B). Let rriu 
and (respectively ruy and Mu) be the minimun and the maximum of |Vm 
(respectively |Vw|) on the closure of B. Moreover, let 

Ka-^ sup 1^(01, Kb:^ sup |B(e)|. 

»nu<K|<A/u m„<|5|<A/„ 

Notice that Ka < +oo, since < niu < Mu < +oo; in fact, if {Vw = 0} = 0, then 
niu > 0, whereas, if (A2) holds, then A G Lf^^{W^). In the same way, one has that 
also Kg < +00. 

Now, since the assumptions of Lemma 2.2 hold, we deduce from (2.7) 
(2.8) / A{\Vu\)Vuj ■V(t>kdx + \ Fii{u,v)uj (l)k + Fi2{u,v)vj4>kdx ^ Q. 



Also. 



/ A{\Vu\)Vuj ■V(t>kdx + I Fii{u,v 
JR" 

I / A (|Vu|) Vuj • (V0A; - V0) dx\ 



Fii{u,v)uj{(j)k ~ (j)) + Fi2iu,v)vj{(j)k - (j))dx\ 

1/2 / » X 1/2 



< KA(^J^\yuj\^dx^ (^y^|V(0fc-0)pdx 



\ 1/2 / /. \ 1/2 

\Fiiiu,v)u,\''dx) / |V(0fc-0)|2da; 

\ 1/2 / . X 1/2 

\Fi2{u,v)v,\^dx) / |V(</.fc -0)pdx 
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which tends to zero as k tends to infinity, because of the assumptions on u,v. The 
latter consideration and (2.8) give the first equahty in (2.7). Reasoning in a similar 
way, we obtain also the second equality in (2.7). □ 

We will now consider the tangential gradient with respect to a regular level set. 
Given w € (K."), we define the level set of w at a; as 



(2.9) 



{y e R" s. t. w{y) = w{x)} . 



If Vw(x) 7^ 0; Lm^x is a hypcrsurface near x and one can consider the projection 
of any vector onto the tangent plane: in particular, the tangential gradient, which 
will be denoted as Vl„ ^, is the projection of the gradient. This means that, given 
/ e {Br{x)), for r > 0, the tangential gradient is 

(2.10) ^- ^^.^._v7^/^^ ^v7,f^^ Vw{x) \ Vw{x) 



^L^,Jix):^V.f{x)-[Vfix) , ,1 , 1^ , 

\ \\/w[x)\ J \\/w[x)\ 

We will use the following lemma (see Lemma 2.3 in [5] for a simple proof): 

Lemma 2.4. Let U C R" be an open set, w ^ C"^ (U) and x £ U such that 
Vw(x) ^ 0. Then 



a{\Vw{x)\) 



\V\Vw\{xf - Y.\^w,{x)[^ 



-a'(|Vw(a;)|) |Vw(a;)| | Vl„,JVw|(x)| 
{A{Vw{x)) (V|Vw|(a;))) • (V|Vw|(.t)) - (A (Vw(x)) Vwj(.t)) • Vwj{x), 



b{\Vw{x)\) 



|V|Vu;|(a-)|^ - ^ \SIwj{x)\ 



-b' {\\/w{x)\) \Vw{x)\ |VL„,jVu;|(a;)| 
= [B {Vw{x)) (ViVwKx))) • (V|Vw|(a;)) - [B {Vw{x)) ^w^ix)) ■ ^w^ix). 

Given y e L^^^ H {Vw ^ 0}, let ki^wiv), ■ ■ ■ , kn-i.w{y) denote the principal cur- 
vatures of Lui^x at y. 

By using formula (2.1) of [11], tangential gradients and curvatures may be con- 
veniently related in the following way: 



(2.11) _ 
on {Vw ^ 0}, for any w G ({Vw ^ 0}) 



1=1 



3. Monotone solutions 



Recalling the definition of monotone solution given in (1.8), in this section we 
obtain some geometric inequalities. 
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Proposition 3.1. Let f2 C R" be open (not necessarily bounded). Let {u,v) be a 
solution of (1.3), with u^v (z (f2), and Vu, Vu £ Wl^'^[^). Suppose that the 
monotonicity condition (1.8) holds. 
Then, 

{A (Vu(x)) V(^(x)) ■ V0(x) dx 



Fii{u,v)cj)'^{x) + Fi2{u,v)—(j)\x) dx > 0, 



and / {B {\7v{x))\7^p{x)) ■'^')jj{x)dx 



(3.1) 



Fi2 (w, u) — V'^ {x) + F22 {u,v)'ip\x)dx >0, 

for any locally Lipschitz functions 0, : — > R whose supports are compact and 
contained in fi. 

J 2 

Proof. By Lemma 2.3, we have that w„ satisfies (2.7). We use ^ as test function 
in the first equality in (2.7): 

/ Fn{u,v)(f>^ +Fi2{u,v)—(j)^dx 

= - [ {A{Vu)Vun)-V (—'] dx 

= -^^(A(V.)V.„)-(^^^^^^V^)rfx 

= [ {A (Vw) Vii„) • S7u„ ^ ~2{A (Vu) Vw„) • V./)— dx 
Jn 

+ / (A ( Vu) V0) • V0 - (A (Vii) V0) • V0 da; 
^ [ A (Vw) I Vw„— " V0 ) ■ f Vu„— - V0 ] - |V(^p 

> - [ \\/(f)\^dx, 

since (2.1) holds. This implies the first inequality in (3.1). 

Using ^ as test function in the second equality in (2.7), and reasoning as above, 
we obtain also the second inequality in (3.1). □ 

In the subsequents Theorem 3.2 and Corollary 3.3 we obtain some inequalities 
which involve the principal curvature of the level sets and the tangential gradient 
of the solution. 

Theorem 3.2. Let fl C R" be open (not necessarily bounded). Let (u,v) be a weak 
solution of (1.3), with u,u G C^(il), and Vu, Vu G W^^^ (Q,). Suppose that the 
monotonicity condition (1.8) holds. 

For any x ^ let Lu,x CLnd Ly_x denote the level set of u and v respectively at 
X, according to (2.9). 
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Let also Ai(|^|), A2(|e|),7i(ICI),72(ICI) be as m (1.6) and (1.7). 
Then, 



Ai {\Vu{x)\) |Vl„,JVu|(x)| + A2 {\Vu{x)\) \Vu{x)\' ^ fc^^ 
(3-2) < / \yu{x)\^ {A{yu{x))\/(l){x)) ■V(t){x)dx 



1=1 



(j)^{x) dx 



and 



+ / Fi2{u,v)[-^\SIu{x)Y -Vu{x)-Vv{x)](tf{x)dx, 



Tl-l 



71 {\Vv{x)\) |VL„,jVt;|(.T)| +72 {\Vv{x)\) \Vv{x)\^ ^ fc^^ 
(3-3) < /" |Vu(x)p (B(Vu(x)) VV'(a;)) • VV'(x)dx 



1=1 



ip'^{x) dx 



+ / Fr2iu,v){—\\7vix)\'~Vu{x)- 'Vv{x) 1 -0 (a;) dx, 
Jn \ v,i J 

for any locally Lipschitz functions 0, : $7 — > E, whose supports are compact and 
contained in f2. 

Proof. Wc prove first (3.2). By using the first inequality in (3.1) with |Vu|0 as test 
function, we have that 



< 



{A (Vu(a;)) V {\Vu{x)\(l>{x))) ■ V (|VM(a;)|0(a;)) dx 



Fii{u,v)\Vu{x)f<j>'^{x)+Fi2{u,v) — \Vu{x)\'^<j>^{x) dx 



(l)^{x) {A{Vu{x))V {\Vu{x)\)) • V(|Vu(a;)|) 
+ |Vw(a;)p {A (Vw(a;)) V0(x-)) ■ V0(x) 
+ i {A (Vu(a;)) V {(f>^{x))) ■ V (|Vw(x)p) dx 



(3.4) 

Now, 
in (2.7): 



+ 



Fii{u,v)\\7u{x)\^(l3^{x) + Fi2iu,v) — \Vuix)\'(t)^{x) dx 



Now, since Lemma 2.3 holds, we can use Ujcjy^ as test function in the first equality 



an®„ 



Fii{u, v)y?j{x)(f)'^ {x) + Fi2(w, v)uj{x)vj{x)(f)'^ [x) dx 



= - / (A(Vu(a;))VMj(a;)) • V(Mj(a;)0^(a;)) dec 



0^(x) (A(Vw(x)) Vuj(a;)) • Vuj(a;) 
+ i (V«(a.)) V (02(a;))) . V {u]{x)) dx. 
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We sum over j and use (3.4) to see that 



/ (^^(x) y](A(Vu(a;)) Vwj(a;)) • Vwj(a;) 

+ 1 {A{Vu{x))V (cf^'^ix))) -V {\Vu\''ix)) dx 

Fii{u,v)\Vu{x)\'^(l)^{x) +Fi2(w,w)Vu(x) • Vv{x)(l}'^ (x) dx 

< I 02(x)(A(Vw(x)) V(|Vu(a;)|)) • V(|Vw(x)|) 
n 

+ |Vu(a;)|^ {A (Vw(x)) V0(x)) • V</>(a;) 
+ 1 {A i\/u{x)) V {(p\x))) ■ V (|Vw(x)|2) dx 

Fii (w, v)\Vu{x)\^(t)^{x) + Fi2 {u, u) — I Vu(a;) dx 
Fii{u,v)\Vu{x)\'^4>'^{x) + i^i2(u,w)Vu(a::) • Vt;(a::)(?!)^(x) 



fin®, 

2 



[A {Vu{x)) V (|Vu(x)|)) • V (|Vw(x)|) 



|Vu(a:)r (Vu(x)) V(j){x)) ■ Vcjji^x) 
■\ {A {Vu{x)) V {'fix))) ■ V (|Vw(a;)p) dx 

Fi2(w,u) ( — |Vw(x)|^ - Vm(x) • Vw(x) ) (j)'^{x)dx. 



By Lemma 2.4, we have that 



r(x)a'(|Vw(.T)|) |Vu(x)| Vl„,JVw(x)| 



-02(a;)a(|Vw(x)|) 
< / |Vw(x)|^ (A(Vw(x)) V<^(x)) • V0(x)dx 



V|Vu(x)||^ - ^ |Vwj(x) 
i=i 



dx 



+ 



^'i2(u,i') — |Vu(x)|2 - Vu(x) • Vw(x) (f>^{x)dx. 
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That is, by using (1.6), 



< 



02(x)Ai(|Vw(x)|)|Vi„,JV«(x)| 

+02(x)A2(|Vu(a;)|) |Vu,(.t)|2 - | VL„,JVu(a;)| |' - \V\Vu{x)\\^ | 

|Vm(x)|2 {A {\7u{x)) V(t){x)) ■ V0(a;) dx 

Fi2{u,v) ( — \Vu{x)\^-Vu{x) • Vw(a;)) (/)2(a;)da;. 

Notice that (1.10) and Theorem 6.19 of [9] give that 

Vu = = Vv almost everywhere on !^uy , 

and therefore 



Fi2iu,v) — |Vu(a;)r - Vm(x) • Vu(x) (j)^{x)dx 



Fi2{u,v) ( —\\7u{x)\^ ~yu{x) ■Vv{x)] 4>'^{x)dx. 

\Un J 



This and (2.11) imply the desired result. 

Arguing in a similar way we obtain also (3.3). 



□ 



Corollary 3.3. Let Q C R" be open (not necessarily bounded). Let {u,v) be a 
weak solution of (1.3), with u,v G C^{fl), and Vu, Vw S W^^^ (fl). Suppose that 
the monotonicity condition (1.8) holds and that Fi2{u,v) > 0. 

For any x G U, let Lu,x o,nd L^ j, denote the level set of u and v respectively at 
x, according to (2.9). 

Let also Ai(|C|), AadCl), Tid^), 72(1^1) he as m (1.6) and (1.7). 

Then, 



L 



Ai(|Vw(x)|) \^L^jVu\{x)\ +A2(|Vii(a;)|) \Vu{x)\''Y,K 

1=1 

71 {\Vv{x)\) |Vl^,JVz;|(x)|' +72 {\Vv{x)\) \Vv{x)\'' ^ 

1=1 

< I \Vu{x)f {A{Vu{x))\7(j){x)) ■Vip{x)dx 

+ I \\/v{x)\^ {B {\/v{x))V(f>{x)) ■Vip{x)dx, 



ip'^{x) dx 



ip'^{x) dx 



Jet 

for any locally Lipschitz function : il — !• R whose support is compact and contained 
in ri. 
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Proof. By summing up the inequalities in (3.2) and (3.3), we have that, for any (p 
as in the coroUary, 



< 



Ai {\Vu{x)\) |Vi„,JVu|(x)f + X, {\Vu{x)\) \\7u{x)\' ^ 



1=1 



(p'^{x) dx 



71 {\yv{x)\) |Vi„,JV«|(x)|' +72 i\\7v{x)\) |V«(x)p ^ kl 



1=1 



(p'^{x) dx 



|Vm(x)P {A {Vu{x)) V(f){x)) ■ \7(p{x) dx 



|Vz;(a;)p {B (Vw(a;)) V0(a;)) ■ Vip{x) dx 



+ I Fi2{u,v) [—\Vu{x)\^ ~2Vu{x) -Vvix) + —\Vv{x)\^] ip^{x)dx 



|Vu(x)p {A {\7u{x)) V(t){x)) ■ \7ip{x) dx 



|Vi;(a;)p {B (Vvix)) V0(a;)) • Vip{x) dx 



( ~TJ U \ 

Fi2{u,v) — -\Vu[x)\^ + 2Vu{x) ■ \Iv[x) + —^\Vv{x)\^ Lp^{x)dx 

\ Un -Vn J 



|Vw(a;)|2 (A (Vu(a;)) V0(a;)) ■ \l ip(x) dx 



|Vi)(a;)p (B {SIv{x)) V(^(a;)) ■ V(^(x) dx 



Fi2{u, v) (.[^\7u{x) + .[^Vvix)] if^ix) 
which gives the conclusion, since Fi2{u,v) > 0. 



dx. 



□ 



4. Stable solutions 

In this section wc obtain some geometric inequalities for stable solutions of (1.3). 
Since we will use the stability condition (1.11) with a less regular test functions, 
we need to state the following: 

Lemma 4.1. Let (u,u) be a stable weak solution of (1.3) such that u,v € C'^{MP). 
Suppose that either (A2) holds or that {Vu = 0} = 0, and that either (B2) holds 
or that {Vu = 0} = 0. Then, the stability condition (1.11) holds for any (fijip € 
Wo'^(B) , and any ball B C R". 

Proof. As in the proof of Lemma 2.3, we introduce m„, Af„, m^, Aly, Ka, Kb, and 
notice that, under the hypotheses of Lemma 4.1, Ka,Kb < +oo. Moreover, 
given € Wq'^{B), we consider two sequences (/)k,ipk G C^{B) which converge 
to 0, %j} respectively in Wq''^{B). 
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Therefore, 



1/ {A{\/u)V(f>k) ■V(j)kdx - (A(Vm) V(/)) • V(/)da;| 
< I \A{Vu)\ \V{4>k - (t>)\ |V0fc| + \A{Vu)\ |V(/)| |V(0fe - 0)1 dx 

JB 



< Ka[ j^\y{(^k-<P)Vdx 



1/2 



\V(t)k\^dx 



1/2 



\V(j)\^dx 



1/2 



which tends to zero as k tends to infinity. 
Similarly, one obtain 



< Kb 



{B (Vi;)VV'fe) • VV'fc dx 

1/2 

\V{i^k-i^)?dx 



(B(Vw)VV') -Vi^dx 

, 1/2 

\V^k\'dx^ 



1/2- 



which again tends to zero. 

Moreover, one has that, as k tends to infinity. 



Fii{u,v)(j)k dx ^ / dx, 



and 



Finally, 



F22{u,v)tp^dx ^ / ^22(u,i')'0 c'a;. 



Fi2{u,v)(j)k'>pkdx - I Fi2{u,v)(t)il)dx\ 
< C I \4>k4>k- ^4>\dx <C f \(j)k\ li'k + 1^1 I0fc " 

JB JB 

\ 1/2 / ^ \ 1/2 

^^IV^pdxj ij^\4>k-cl)?dx 

which converges to zero as k tends to infinity. This concludes the proof. 



□ 



We prove next that, under suitable assumptions, a monotone solution of (1.3) is 
also stable. 

Proposition 4.2. Let {u,v) be a weak solution of (1.3), with u,v G C^(]8,"), and 
Vu, Vu £ W^^^ (R"). Suppose that the monotonicity condition (1.8) holds, and that 
Fi2{u,v) > 0. Then {u,v) is a stable solution. 
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Proof. By summing up the inequalities in (3.1), we have 



< / {A{\7u{x))V^{x)) ■V(t){x) + {B{Vv{x))\7i!{x)) ■\7^P{x)dx 
+ [ Fn{u,v)(l)^{x) + F22{u,v)i;^{x) 

+FMu,v) ( —d^\x) + ^i^\x)] dx 

\Un Vn J 

[A (Vii(a;)) V(t){x)) ■ V(j}{x) + {B {Vv{x)) V^Alx)) ■ VV'(x) dx 
+ / Fn(ti,w)02(a,)+^22(u,v)V''(a;) 

-F,2{u,v) ( + —4^^{x)] dx 

\ Un -Vn J 

< I {A{yu[x))V(l){x))-V(t){x) + {B{Vv{x))yi}{x))-Vip{x)dx 

+ / Fii{u,v)(j)^{x) + F22{u,v)il;^{x) + 2Fi2{u,v)(P{x)ij{x)dx, 

where we have used the monotonicity condition, the fact that Fi2{u, v) > 0, together 
with 

< (.f^Hx) + f^i^ix)) = ^cl^'ix) + 20(x)^(x) + ^i,^ix). 

\\ Un V ^'"n J Un 

This concludes the proof. □ 



In the subsequents Theorem 4.3 and CoroUay 4.4, we prove that a formula ob- 
tained in [11, 12] and its extension obtained in [5] hold also for a system of the 
form (1.3). These formulas relate the stability of the system with the principal 
curvatures of the corresponding level sets and with the tangential gradient of the 
solution. 



Theorem 4.3. Let C R" be open (not necessarily bounded). Let {u,v) be a 
stable weak solution of (1.3), with u S C^iVl) n C'^{n n {Vu ^ 0}), u G {9) n 
(7^(17 n {Vw ^ 0}), and Vu, Vv G W/^f (17). Suppose that either (A2) holds or that 
{Vu = 0} = 0, and that either (B2) holds or that {Vw = 0} = 0. 

For any x £ VL let Lu,x md Ly_x denote the level set of u and v respectively at 
X, according to (2.9). 

Let also Ai(lC|), Azd^l), 7i(ICl), 72(|?|) be as m (1.6) and (1.7). 
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Then, 

[\,{\Vu{x)\)\\7l^JVu\{x)\^ 

on{Vti5<^o} 



A2(|Vu(x)|)|V^.(a:)p^fcfJ(p2(x)da: 



1=1 

[7i(|Vw(a;)|) |Vl_|V«|(x)|' 

nn{Vt>#o} 

n-l 

72(|Vz;(x)|)IVz;(a;)|2^fcL]^2(x)dx 
(=1 

< / |Vu(i-)P(^(Vw(x)) V0(.t)) • V(p(x)dx 

|Vw(.t)P (B (Vw(.t)) V(t){x)) ■ Vip{x) dx 

+ 2 Fi2{u,v) {\\7u{x)\\\7v{x)\ - Vu{x) ■ \7v{x)) ip'^ix) dx, 
Jn 

for any locally Lipschitz function ip : D, ^ R whose support is compact and contained 
in fl. 

Proof. Since the maps x i— > Uj{x) and x i— > |Vu(a;)| belong to Wi;^{W), by using 
Stampacchia's Theorem (see Theorem 6.19 in [9]) we have that 

V|Vu| = almost everywhere on {|Vu| = 0} 

and, for any j = 1, . . . , n, 

Vuj ~ almost everywhere on {|Vw| = 0} C {uj = 0} . 

Now, we take (j) = Ujip^ in the first equality in (2.7) and we sum over j to obtain 

V/ {A{Vu)Vuj) ■V{ujLp^)dx 

+ / Fii(u,v)\\7u\'^Lp^ + Fi2{u,v)\/u-\IvLp^ dx ^Q. 

Notice that (1.10) and Theorem 6.19 of [9] give that 

Vm = = Vw almost everywhere on 

and therefore 

i^ii (u, w) I Vu| + Fi2 {u, v)Vu ■ Vv ip^ dx 



(4.1) 



(4.2) 



Fii(u,'(;)|Vu|V^ + Fr2{u,v)Vu ■ Vv ip'^ dx. 
Taking t/j ~ Vjip"^ in the second equality in (2.7) and summing over j, we obtain 
V / (B(Vu)Vuj) ■ V(uj(^2) dx 

+ i^22(u,w)|Vu|V^ dx = 0. 
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Now, we exploit the stability condition (1.11) with 4> ~ |Vu|(y9 and '0 = |Vz;|(p. 
Note that this choice is possible, thanks to Lemma 4.1, and gives 



< / (A(Vm)V(|Vu|(^)) ■ V(|Vu|(^) + (B(Vw)V(|Vw|v3)) ■ V(|Vv|v?) 

JR" 

+Fii(u,w)|Vu|V^ +^22(u,w)|Vw|V^ +2i^i2(u,w)|Vu| \Vv\if^ dx 
= / |Vu|2 (A(Vu)V¥j) • |Vw|2 (B(Vu)V¥j) • 

JR" 

{A{Vu)V\Vu\) ■ V|Vm| + (B(Vw)V| Vw|) • V|Vt;| 
+2ip\Vu\ {A{Vu)Vip) ■ V|Vm| + 2.^|Vu| (B(Vv)V(p) • V|Vu| 
(4.3) +Fii(ii,w)|Vii|V^ +^22(w,w)|Vw|V^ +2i^i2(u,w)|Vii| |Vw|(^2d2;. 



By using (4.1) and (4.2) in (4.3), we get 



< / I Vup {A{\/u)Vip) • V(y9 + I Vt;p {B{Vv)Vip) ■ dx 

JR" 

+ / (^(Vw)V|Vu|) • V|Vw| 

+ / ip^ {B{\/v)\/\\/v\) -VlVvldx 

J{W^Q} 

+ / 2ip\\7u\ {A{\7u)Vip) ■ V\Vu\ - V {A{Vu)Vuj) ■ V{ujip^) dx 

+ / 2^|Vu| {B{Vv)V^) ■ V| Vw| - V (B(Vu)Vuj) ■ V(wj(^2) 



+ / 2Fi2(u,w)(|Vu| |Vw| - Vii- Vw) .^^dx 

JR" 

/ iVitp (A(Vu)Vv3) • Vv3 + |Vwp (B(Vv)V(^) ■ V^dx 

JR" 



/ 



{Vu^O} 



(A(Vu)V|Vw|) • V|Vu| - ^ (A(Vw)Vuj) ■ Vw 
(B(Vw)V|Vw|) • V|Vw| - ^ (B(Vu)Vuj) • Vwj 

3 

I 2Fi2{u,v){\Vu\\\Iv\-Vu-\7v) Lp'^ dx. 

^R" 



{Vt.^O} 



dx 



dx 
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Now, the use of Lemma 2.4 implies 

< / \\/u\^ {A{Vu)\/ip) -V^+lVv]^ {B{\/v)\/ip) -Vipdx 

+ f V'^KlVul) I |V|V«|p-^|Vu,n 

J{V«#0} \^ j j 

-a'(|Vu|)|VM| |Vl„ jVw|p] da; 

+ / ^2[6(|Vz;|) (|V|V«|r-^|V«,f I 

-&'(|Vu|)|Vu| |Vl^_JVw|P] dx 
+ / 2i^i2(M, u) (|Vu| \Vv\ - Vu • Vu) dx. 

That is, using (1.6) and (1.7) 

/ I Vwp {A{Wu)Vlp) • + I Vup (B(Vu) V^) • Wip dx 
+ / 2Fi2{u, v) (I Vu| |Vw| - Vu ■ Vu) dx 
> f ^^[Xi{\Vu\)\Vl^JVu\\^ 

+A2(|Vu|) ^^iVujf - |Vl„_JVm|P - |V|Vu|pj ] dx 

J{Vv^O} 

+72(|V«|) |Vu,f - |VL„,JVz;f - IVIVwfj ] dx. 

This and (2.11) imply the desired result. □ 

An immediate consequence of Theorem 4.3 is the following: 

Corollary 4.4. Let Q C R" be open (not necessarily bounded). Let {u,u) be a 
stable weak solution of (1.3), with u G C^{Vt) n C^iO. n {Vu ^ 0}), v € {^) n 
C^(fJ n {Vu 7^ 0}), and Vu, Vw G Wl;l {Vl). Suppose that either (A2) holds or 
that {Vu = 0} = 0, and that either (B2) holds or that {Vu = 0} = 0. Moreover, 
assume that Fi2{u,v) < 0. 

For any x £ fl let L^^x o.nd Ly ^ denote the level set of u and v respectively at 
X, according to (2.9). 

Let also Ai(lC|), Azd^l), 7i(ICl), 72(|?|) be as m (1.6) and (1.7). 
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Then, 



[Ai(|Vw(x)|)|Vi„,jVu|(x) 



1=1 



[71 (|Vw(a;)|) |Vz,„ jVv|(a;)| 



n-l 



+ 72 (|V«(x)|) |Vi;(x)|^ 5] kfjip^x) dx 



1=1 



< I \\7u{x)\^ {A{\7u{x))\7(j){x)) ■Vip{x)dx 

+ I \\/v{x)f {B {Vv{x))V(f>{x)) ■\/ip{x)dx, 



Jn 

for any locally Lipschitz function if : D, R whose support is compact and contained 
in n. 

5. Level set analysis 

We recall here the geometric analysis performed in Subsection 2.4 in [5]. In order 
to make this paper self-contained, we include the proofs in full detail. 

We consider connected components of the level sets (in the inherited topology). 

Lemma 5.1. Let w £ C^U") f) C^HVw ^ 0}). Fix x e R", and suppose that for 
any x S Lw,x H {Vw ^ 0}, we have that Vl^^ |Vw(x)| = 0. 

Then, |Vw| is constant on every connected component of L^^x^ {Vw ^ 0}. 

Proof. Since any connected components of L^.^ n {Vw 7^ 0} is a regular hypcrsur- 
face, any two points in it may be joined by a path. 

We notice that, if ii > io G R and tr S C^([io, ii], H {Vw ^ 0}), then 

j^\Vw{a{t))\ = V\Vw{am ■ &{t) = VL„,,|Vu;(a(i))| • <j(t), 

thanks to (2.10). As a consequence, if cr G C^{[to,ti], Lu,,x <^ {Vw 7^ 0}), then 
\Vw{a{t))\ is constant for t e [to^^i]- 

Now, we take a and b in L^,x<^{Vw 7^ 0} and cr G C^([0, 1], i^j.^) such that (t(0) = 
a and cr(l) = b. Then \Vw{a)\ = \Vw{b)\. □ 

Corollary 5.2. Under the assumptions of Lemma 5.1, every connected component 
of Lw,x n {Viy 7^ 0} is closed in R". 

Proof. Let M be any connected component of L^^x H {Vw 7^ 0}. With no loss of 
generality, we suppose that M 7^ and take z £ M. 

Let y G dM . Then there is a sequence Xn G Af approaching y, thus 

(5.1) w(y) = lim w{xn) = w{z). 

n— ^+00 



20 



S. DIPIERRO 



Then, by Lemma 5.1, we have that |Vz«(a;„)| = |Vu'(z)|. So, since z £ M, 

(5.2) \^w{y)\= Hm |Vu;(a;„)| = | Vw(z)| 7^ 0. 

n— >-+oo 

By (5.1) and (5.2), we have that y € M. □ 

Corollary 5.3. Let the assumptions oj Lemma 5.1 hold. Let M he a connected 
component of L^ ^ H {Vw ^ 0}. Suppose that M ^ and M is contained in a 
hyperplane tt. Then, M — tt. 

Proof. We show that 

(5.3) M is open in the topology of tt. 

For this, let z e AI. Then, there exists an open set Ui of R" such that z ^ Ui C 
{Vw 7^ 0}. Also, by the Implicit Function Theorem, there exists an open set U2 
in R" for which z € U2 and L^u^x n C/2 is a hypcrsurface. Since M C tt, we have 
that L-uj^x n [/2 ^ TT, hence L^j^x H U2 is open in the topology of tt. 
Then, z<E L 

w,x ri U\ n ?72j which is an open set in tt. 
This proves (5.3). 

Also, M is closed in R" and so M = A/ n tt is closed in tt. 

Hence, M is open and closed in tt. □ 

Lemma 5.4. Let w e C^{R")nC'^{{\7w ^ 0}) be such that Vl„.JVu;(x)| = for 
every x G {\7w 7^ 0}, and fef x e R". 

Suppose that a non-empty connected component L of Lw,^n {Vw 7^ 0} has zero 
principal curvatures at all points. 

Then, L is a fiat hyperplane. 

Proof. We use a standard differential geometry argument (see, for instance, page 
311 in [10]). Since the principal curvatures vanish identically, the normal of L is 
constant, thence L is contained in a hyperplane. 

Then, the claim follows from Corollary 5.3. □ 

Lemma 5.5. Let w e C\W) n C^^Vw ^ 0}). Suppose that 

any connected component of L^^x H {Vw 7^ 0} 
^ ^ has zero principal curvatures at all points 

and that, for any x G {Vw 7^ 0}, 
(5.5) Vl„,JVu;(.t)| = 0. 

Then, w possesses one- dimensional symmetry, in the sense that there exists w : 
R — > R and uj S S"~^ in such a way that w{x) = w{uj ■ x), for any x £ R". 

Proof. If Vw{x) — for any x € R", the one-dimensional symmetry is trivial. 

If Vw{x) 7^ 0, then the connected component of L^^^ n {Vw 7^ 0} passing 
through X is a hyperplane, thanks to Lemma 5.4. 

We notice that all these hyperplanes are parallel, since connected components 
cannot intersect. Moreover, w is constant on these hyperplanes, because each of 
them lies on a level set. 
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On the other hand, w is also constant on any other possible hyperplane parallel 
to the ones of the above family, since the gradient vanishes identically there. 

From this, the one-dimensional symmetry of w follows by noticing that w only 
depends on the orthogonal direction with respect to the above family of hyperplanes. 

□ 



6. Proof of Theorem 1.3 
Since either (1.12) or (1.13) holds, from Corollaries 3.3 and 4.4, we have 



[Ai(|V^.(x)|)|Vl„,JV 



u|(x)|^ 



n-1 



-A2(|Vw(x)|)|V^.(.T)P^fc2J^2(^)^^ 



1=1 



[7i{\Vv{x)\)\VL^jVv\ix) 

{Vv^O} 



n-1 



+72 {\^v{x)\) \\/v{x)\' f'lWi^) dx 
1=1 

< I \Vu{x)\'^ {A{Vu{x))\7(j){x)) ■Vip{x)dx 

+ I \\/v{x)f {B{Vv{x))V(f>{x)) ■\/ip{x)dx 
3.1) < / [\A{Vu{x))\\Vu{x)\^ + \B{Vv{x))\\\/v{x)\^]\\/ip{x)\^ dx. 

R" 



as 



Now, we chose conveniently ip in (6.1). For any R > 1, we define the function ipu 

r 1 if 2; G B^, 

^nix) := 2 '°^tg'^«l-l iixGBn\B^, 
[ if X e R" \ Bj^. 

We denote by 

XR ■= XBr\B^- 

Notice that 
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Therefore, by using ipa in (6.1), we have 

[Ai(|Vu(x)I)|Vi„JVu|(x)|2 

s^n{v«#o} 

n-l 

+M{\Vu{x)\)\Vu{x)\'Y.klJ^ dx 



1=1 

2 



[71 i\Vv{x)\) |Vl„ jVvKx) 

n-l 

+72(|Vz;(x)|)|Vz;(a;)p^fc2„] 
(=1 

(Q2) < ^— f l^(V^(x))| \Vuix)\^ + |i3(Vi;(x))| |V^(x)p 

Letting R — > +C!0 in (6.2), by the hypothesis (1.14), we obtain 

[Ai(|Vu(x)|)|Vi„,jVu|(x)p 

n-l 

+\2{\Vu{x)\)\Vu{x)\'Y.''Udx 

1=1 



[7i(|V«(a:)|)|VL„,jVz;|(x; 

{Vi'^O} 



|2 



+72 (|V«(x-)|) \\/v{x)\' ^'J '^^ = 0' 
which imphes that, for any x G {Vu =/= 0}, 

n-l 

Ai(|Vu(x)I)|Vi_ IV7.I(x)|2 + X,{\Vu{x)\)\Vu{x)\^ ''lu = 0' 

1=1 

and, for any x G {Vu ^ 0}, 

n-l 

71 (|V^;(x)|) |Vl„,JV«|(x)|' +72 (lV«(x)|) \Vv{x)f ^ fc^, = 0. 

1=1 

Recalhng the definition of Ai, A2, 71, 72 given in (1.6) and (1.7), and the assump- 
tions (1.4) and (1.5), the last two equahties imply that 

Vl„,JVw|(x) ^ 0, fci,„ = . . . = fc„_i,„ = 0, 

for any x G {Vu 7^ 0}, and that 

Vl„.JVw|(x) = 0, fci,„ = . . . = fc„_i,„ = 0, 

for any x G {Vu ^ 0}. This means that u,v satisfy (5.4) and (5.5). Hence, by 
Lemma 5.5 we obtained the desired result. 
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7. An APPLICATION 

In this section, we use the rcsuh stated in Theorem 1.3 to obtain a proof of a 
conjecture of De Giorgi for the system (1.3) in R^. 

Theorem 7.1. Let n = 2, and let {u,v) be a weak solution of (1.3), with u G 
C^{B?) n C2({Vu ^ 0}), V e C1(]R2) n C^{{\/v ^ O}), and Vm, Vw G i°°(R2) n 

Suppose that either (Al) or (A2) holds, and that either (Bl) or (B2) holds. 
Assume that either 

the monotonicity condition (1.8) holds, and Fi2{u,v) > 0, 



(u,v) is stable, and Fi2{u,v) < 0. 

Then (m, v) has one- dimensional symmetry, in the sense that there exist u, w : R ^ 
R and uj G in such a way that {u{x), v{x)) = (u{uj ■ x),v{uj ■ x)). 

Proof. By the assumptions of Theorem 7.1, | Vu| and | Vw| are taken to be bounded. 
Moreover, thanks to either (Al) or (A2) and either (Bl) or (B2), the maps 

t ^ t^Xi{t) + t^X2{t), t ^ t^ii{t) + t^l2{t) 

belong to ([0, +oo)). Therefore, we have that 

\A{Vu{x))\ \Vu{x)\'^ + \B{Vv{x))\ |Vu(a;)|2 < C, 

for some positive constant C . 
Then, 

1 [ \A(Vu{x))\\Vu(x)\'^ + \B(Vvix))\\Vv{x)\'^ , 
: — tt; dx 



log^ R Jbh\b 



C /"^ 1 , c 

< — TT- / -dr = 



log^ R r log R 

Therefore, letting R +oo, we have that the condition (1.14) is satisfied. Hence, 
by Theorem 1.3, we obtain the desired result. □ 

Notice that, as a particular case of (1.3), we can consider the following system, 
which arises in phase separation for multiple states Bose-Einstein condensates: 

Au = uv^ , 

(7.1) { Av = vu^, 

u,v > 0. 

In fact, in this case, the operators in (1.3) reduce to the standard Laplacian and 
F{u,v) = iw^w^. Under the assumptions of Theorem 7.1 (notice that Fi2{u,v) = 
2uv > 0), one has that the monotone solutions of (7.1) have one-dimensional sym- 
metry. This result has been proved in [1]. 
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